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A method for locating fluid phase equilibria by means of
a single canonical molecular dynamics simulation is
evaluated. The temperature-quench molecular dynamics
(TQMD) method consists of quenching an initially
homogeneous one-phase fluid system to a lower
temperature where it is mechanically and thermo-
dynamically unstable. After a short transient, domains
of coexisting phases form, which quickly acquire
equilibrium-like properties. A suitable analysis of the
coexisting domains in terms of local densities, compo-
sitions, or some other order parameter gives the phase
equilibrium properties. We show how, contrary to
expectations, one need not wait until a full global
equilibration (planar interface) is resolved to obtain the
correct results. As examples, the phase diagram of a cut
and shift (5s) Lennard–Jones fluid, the pressure-
composition diagram of a Lennard–Jones mixture
presenting three-phase vapor–liquid–liquid equilibria
and the saturated liquid densities of eicosane using a
united atom representation are determined. Comments
and comparisons are made with the most commonly used
methods such as Gibbs Ensemble Monte Carlo and
volume expansion molecular dynamics (VEMD), finding
TQMD to be a suitable alternative, especially for
complex molecules and/or high densities.

Keywords: Fluid phase equilibria; Vapor–liquid equilibrium;
Vapor–liquid–liquid equilibria; Lennard–Jones; Eicosane

INTRODUCTION

The application of Molecular Dynamics (MD)
simulations to the phase equilibria of fluids has a
relatively long history [1]. In a typical implemen-
tation [2,3], previously equilibrated fractions of a bulk
liquid and bulk vapor phase are placed in a single
simulation box in the form of a slab of liquid

surrounded by a vapor phase. The system is then
allowed to evolve under canonical (constant density
and temperature) conditions until equilibration is
reached through diffusive mass transport. The
simultaneous simulation of two bulk phases and the
two corresponding interfaces, along with relatively
slow diffusion, made these methods costly from a
computational point of view. In this scenario, the
development of the Gibbs Ensemble Monte Carlo
(GEMC) [4] almost two decades ago, offered a
substantial computational advantage since it allowed
the modeling of fluid phase equilibria without the
explicit inclusion of the interfacial region and since
then has become the de facto simulation method for
generating phase diagrams for fluid systems. How-
ever, the GEMC method is not without limitations [4],
particularly, in the context of the simulation of very
dense phases and/or complex molecules. Nowadays,
mainly due to notable improvements in hardware
available, MD algorithms may be easily implemented
on parallel computers, decreasing sometimes by an
order of magnitude of the simulation times of
comparable serial runs. Also, MD is a natural choice
for the simulation of dense phases and has the
potential of being applicable to more complex
systems than those that can be resolved via
conventional MC methods. As a product of these
observations, some recent papers have been pub-
lished oriented towards modeling of phase equilibria
using MD [5–9], although the emphasis has been
on the determination of interfacial properties.

There is no unique methodology to perform phase
equilibria calculations using MD. Typically, in
the so-called “direct methods”, systems with a
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previously equilibrated condensed phase are put into
contact with either a corresponding vapor phase or
vacuum. The system is then left to evolve under
canonical conditions. Bulk regions separated by flat
interfaces are set up from the onset and vary only due
to diffusion. In a previous paper [10], we outlined a
method that allows the location of phase coexistence
through a constant density simulation in which the
temperature of a homogeneous one-phase system is
changed in a single time step (quenching) in such a
way to place the system in a thermodynamically and
mechanically unstable state. At this point the system
spontaneously separates into domains of stable,
locally equilibrated phases. Small clusters nucleate,
which rapidly grow due to the strong driving force.
The clusters will coalesce and eventually form
macroscopic domains. Contrary to our assumption,
phase coexistence data may be gathered from these
locally equilibrated sub-domains, not being necess-
ary to continue the simulation until global equili-
brium is reached, resulting in a dramatic savings of
computational effort. This temperature-quench mol-
ecular dynamics (TQMD) method showed promise in
modeling phase equilibria of vapor–liquid, liquid–
liquid and even solid–liquid equilibria [10,11]. This
paper gives a more detailed account of the method
and particularly analyzes the short-time phase
separation behavior of fluids upon which it is based,
as well as example applications to the vapor–liquid
equilibria of a pure LJ fluid, the liquid–liquid–vapor
equilibria of a binary LJ system, and the saturation
densities of a long-chain alkane.

TEMPERATURE-QUENCH MOLECULAR
DYNAMICS (TQMD)

Overview of the Method

Consider, for simplicity, a single-component liquid–
vapor system. One starts out with a system
composed of a given number of particles N, volume
V and temperature T, large enough to guarantee a
one-phase system. Keeping both N and V constant,
the temperature, which is controlled by means of a
“thermostat”, is lowered abruptly. The new tem-
perature must be such that the resulting state point
lies within the spinodal envelope, e.g. at conditions
that are both mechanically and thermodynamically
unstable. As the system relaxes at the new state
point, domains of liquid and vapor form on time-
scales easily accessible to molecular dynamics
simulations. The connectivity and morphology of
these phases will depend on their volume fractions.
This spinodal decomposition process has been
studied elsewhere [12–14], albeit not in the context
of fluid phase equilibria. In Fig. 1, we present a
sequence of snapshots that show a typical evolution.

Immediately after quenching, the system is far from
equilibrium and the driving force for diffusive
transport is maximized (state a). At short times
(states b and c) the surface area between the two
phases is very large, and the combination of these
two factors ensures that local densities and concen-
trations stabilize at their equilibrium values very
quickly. It is at this point that, in the context of the
TQMD method, statistics regarding concentrations
and densities of coexisting phases may be obtained.
At later times, the reduction of surface tension
between the two phases is the driving force for the
observed “coarsening”. This latter evolution is
comparatively slow. If enough time elapses, the
system equilibrates to domains separated by flat
interfaces (state d).

FIGURE 1 Snapshots of configurations of a system with 30,000 LJ
particles after quenching to a temperature, T* ¼ 1:1: The system
evolution after 1000, 15,000, 90,000 and 300,000 time steps,
respectively, are shown in (a)–(d). From state point (c), it is
possible to obtain accurate densities for both phases using the
methods described here.
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Interface Detection

To estimate the local equilibrium densities in a
multiphase system we could wait until the system
shows two distinct domains divided by flat inter-
faces. By choosing the simulation box in such a way
that one of its axes is longer than the other two, at
long simulation times (e.g. state d in Fig. 1) the
planar interface will form normal to the longer axis.
The density profile along such axis can be fitted to a
smooth stepwise function, thus allowing for the
calculation of the bulk densities and the profiling of
the interface (see Ref. [9] for an example application).
However, the evolution of the system into global
equilibrium may be time consuming, even for
today’s computers and especially for larger systems
and/or multicomponent systems. This paper strives
to note that the equilibrium property analysis may be
performed much before the system attains global
equilibrium, thus decreasing the necessary compu-
tation time by more than half in most of the cases.
If one stops the simulation at a point in which certain
domains are formed, even if they are not consoli-
dated, e.g. the insert in Fig. 2, one may divide the
system into small subcells, and for each of these,
determine the local density (and/or compositions
and/or some suitable order parameter). The collec-
tion of this information in the form of frequency
against a given density range (or composition or
order parameter) gives a histogram which profiles
the overall system. As an example, we show in Fig. 2
the results of the simulation of a liquid–vapor binary
system described in detail in the “Results” section.
The histogram shows two obvious peaks, corres-
ponding to the vapor and liquid average densities.
We shall further detail our observations on the
analysis of such histograms.

The choice of sub-cell size to perform the
histogramming is not trivial. The sub-cells must be
large enough that they can give a reasonable estimate
of the density of a single phase; if the cells are too
small, the density histogram will be “quantized” due
to the small integer number of particles that can fit in
each one. A sub-cell of volume V may only have
densities of the form n/V with n being an integer, e.g.
the possible densities for a cubic sub-cell with side 3s
(volume 27s 3) will be 0, 0.03704, 0.0741, 0.1111, etc.
The larger the sub-cell size, the finer the density
histogram, since the separation between the accep-
table values of the histogram diminishes. However,
since the system is analyzed before the phases cluster
into single domains separated by planar interfaces,
the interface is not clearly localized, but disperse
between the clusters within the box. Thus, the use of
large sub-domains will contribute to have a larger
number of boxes that include significant portions of
two (or more) phases. These sub-cells with a mixture
of phases contribute to the “smearing out” of the
histogram. The optimal sub-cell size, although an
arbitrary quantity, is a compromise between these
competing requirements.

Whichever division of the system is employed for
the data analysis, some sub-cells will contain
significant portions of two (or more) phases. We
make a proposal for detecting and avoiding this
situation based on a microscopic analysis of the fluid
configuration, so as to only collect histogram data in
sub-cells that contain entirely one phase. For example,
if we choose the average coordination number as the
proper order parameter, we can define an upper
(CNU) and lower (CNL) bound coordination number
for which a molecule is considered as a member of
each phase. The coordination number is defined
arbitrarily as the number of neighbors a molecule will
have within a fixed radius. In this work we used a
radius of 2s1. Particles that are “in” an interface
between two phases have coordination numbers
reflecting the interfacial region; e.g. in the case of
vapor–liquid equilibria, they have neighbors lesser
than particles in the liquid phase, and greater than
particles in the vapor phase. By counting the local
coordination of every particle, these can be identified
unambiguously. Sub-cells that contain more than 15%
“interfacial” particles are then (arbitrarily) excluded
from the histogram count. In the case of discrimi-
nation by mole-fraction, a similar algorithm can be
applied to a single species; for every particle, one
counts the total number of neighbors of a single
species, and locates particles on the interface by
values of this quantity that fall between those of the
pure phases. For more complex systems other order
parameters may be developed. In all cases it is
necessary to have only a rough estimate of the density
or concentration differences between the two phases,
which is easily obtained through computer graphics

FIGURE 2 Frequency of occurrence, f, as a function of the subcell
density r* for a configuration of a binary system of 180,000 LJ
particles, T* ¼ 1; overall composition z1 ¼ 0:1 after 100,000 time
steps. Further system details are given in the “Results” section.
Dashed line is the “raw” histogram; solid line is after interface
removal. Sub-cell length, L* ¼ 5: The insert shows a snapshot of
the system.
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visualizations of the quenched system. It is important
to note that this detection procedure and the data
collection in this method does not affect the MD
trajectory in any way, and can be done after the
simulation has completed. Furthermore, the cost of
this analysis is low, and can be easily repeated many
times using different detection methods, interface
definitions, percentage of tolerance (e.g. the amount
of interfacial molecules allowed in sub-cell) etc.
without increasing the total cost of the calculation.

As an example, in Fig. 2 we show the resulting
“raw” histogram (dashed line), in which we plot the
frequency of occurrence of a given density within
each of the 10,125 subcells in which a given
configuration is divided. Two peaks corresponding
to the liquid and vapor phases are clearly visible, but
there is considerable noise in the region between the
peaks, which comes from the cells that contain many
“interfacial” particles. In this case, the values of
CNL ¼ 12 and CNU ¼ 28 are used. With these
values, the cells containing more than 15% of
interfacial particles (i.e. particles with a coordination
number larger than CNL and smaller than CNU) are
eliminated and one obtains a “clean” histogram as
the one shown with a solid line in Fig. 2, and
definitive values of the densities (vapor r*

V ¼ 0:135
and liquid r*

L ¼ 1:214) for this configuration.
The phase density determination by use of

coordination numbers may be extended in the case
of liquid–liquid equilibria if one takes into account
coordination numbers based on particular com-
ponents, e.g. a concept analogous to determining
local compositions. In the case of ordered phases,
such as the isotropic-nematic equilibria found in
liquid crystals, other suitable order parameters can
be used to discern between phases.

Calculation of compositions with TQMD might, in
principle, be performed using composition histo-
grams. However, the added degrees of freedom
make it impractical. For multicomponent cases, upon
deletion of the subcells containing interfacial
molecules (on the basis for example of CN based
on the presence of a particular component), one may
discriminate the remaining subcells as belonging to
either of the coexisting phases. The overall compo-
sitions are obtained by simple average of the
compositions of all subcells forming part of that
given phase. The extension to multiple phase
equilibria is straightforward.

Determination of Equilibrium Properties

One may attempt to choose the maximum shown in
the histograms to obtain the corresponding phase
densities. However, such a procedure is quantita-
tively poor due to the quantization of the histogram,
and thus the accuracy of the estimation will be of the
order of magnitude of the bin size of the histograms.

To further illustrate this point, we describe here
the analysis of a pure 5000 LJ particle one-phase
vapor system with previously fixed density of r* ¼

0:03 at T* ¼ 1:1: On an equilibrium configuration of
this system we have determined the histogram
distributions using three different sub-cell sizes. One
might mention that even though the sub-cell size is
arbitrary, if one wishes to include the total amount of
information available, the side length of the sub-cells
should be a discrete fraction of that of the global
system. We have used cubic subcells with side length
L* ¼ 3:0146; 4.0786 and 5.3335. It is seen from the
resulting histograms in Fig. 3, that if one assumes
that the maximum frequency of occurrence corres-
ponds to the mean density, the results are erroneous
(densities of 0, 0.01474 and 0.02636 would be
obtained, respectively). However, in all cases, either
a maximum likelihood analysis or a weighted
average of the histograms will give the correct
(0.03) result.

We point out that all these calculations are
performed after the simulation has concluded,
since they are analysis of the final configurations.
An improvement of the statistics may be obtained by
consolidating the information from several different
configurations, separated by appropriate time steps.
Otherwise, larger system sizes improve the statistics
in a natural way, although consuming longer
simulation times, as is shown in the results.

RESULTS AND DISCUSSION

The method described is general in nature and not
limited in scope to any particular type of inter-
molecular potential. For the purpose of testing and
comparing the method we will outline three typical

FIGURE 3 Frequency of occurrence, f, as a function of the subcell
density r* for a 5000 particle one-phase LJ fluid at an overall
density of r* ¼ 0:03 and a temperature of T* ¼ 1:1: In each case,
the subcell length, L* used for collecting the histograms is varied;
diamonds are L* ¼ 3:0146; squares are L* ¼ 4:0786; triangles are
L* ¼ 5:3335: Dashed line corresponds to the overall density of
r* ¼ 0:03:
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applications: (1) a simple pure fluid, for which the
temperature–density phase diagram is sought. For
this system GEMC would be the simulation method
of choice; (2) a binary mixture, where there is a
multiplicity of phase behaviors including three
phase liquid–liquid–vapor; and (3) a long-chain
alkane molecule, where particle-insertion methods
would be difficult to implement.

Pure LJ CS Fluid

Simulations were carried out to determine the phase
diagram of a pure Lennard–Jones fluid with a CS
potential at a radius of rc ¼ 5s: Results will be given
in the usual LJ reduced units [15]. A total of 30,000
particles and 300,000 time steps were used to obtain
the results at lower temperatures ðT* , 1:2Þ and
50,000 particles and 400,000 time steps for the highest
one. The results are given in Table I, where they can
be quantitatively compared to those obtained from
GEMC runs on 4000 particle systems, discarding the
initial 40 £ 106 configurations and averaging over
100 £ 106 configurations. All results compare well
within statistical uncertainties. The lowest tempera-
ture point ðT* ¼ 0:7Þ was not reported for GEMC,
due to the poor statistics obtained caused by the
failure of the particle insertion step to accurately
sample the high density of the corresponding liquid.
This deficiency may be circumvented with more
advanced techniques [4], which are not the point of
this paper. The critical temperature T*

c ¼ 1:275 ^

0:004 and density r*
c ¼ 0:319 ^ 0:003 were estimated

using the usual Ising scaling construction, (i.e. by the
intersection of the rectilinear diameter of the
coexistence curve with the scaled temperature–
density relation using an Ising exponent of 0.32 [16])
applied to the TQMD data.

Since the systems studied contain an interface, one
may not apply the virial theorem to obtain the
pressure in a direct manner due to its ambiguous
definition when an interface is present. A recent
review [17] exemplifies the problems involved. In the
case of an elongated box in which two phases are
separated by a planar interface, the system pressure

may be estimated by calculating the normal
component of the pressure tensor. In practice, this
works only on the vapor phase and requires the
existence of a single planar interface. In TQMD, this
final equilibrium state (planar interface) is not
necessarily attained, and in fact is undesirable.
After calculating the equilibrium densities, we
performed a canonical MD simulation of a rather
small (we used N ¼ 104; although much smaller
system sizes may be used for this purpose)
homogeneous system with the specified temperature
and density to obtain the pressure, by use of the
virial theorem, of each coexisting phase. As it turns
out, due to the low values of the compressibility of
the dense phase, small errors in the density imply
large errors in pressure. Thus, the pressures were
obtained by using the vapor phase density, when
available. The critical pressure P*

c ¼ 0:120 ^ 0:004
was estimated by extrapolation of the saturation
curve to the critical density found above.

Figures 4 and 5 show the time evolution, in terms
of MD time steps, of the vapor and the liquid
densities respectively, for the runs made at T* ¼ 1:1:
It is seen that TQMD converges rather rapidly to the
expected (GEMC) equilibrium value, in spite of not
having attained a flat interface. Note that the error
bars on the GEMC result are large on the scale of the
plot (^0.006 and ^0.02 for the vapor and liquid,
respectively), and so the final quantitative agreement
is excellent. While the results at T* ¼ 1:1 are typical
of those obtained here, at lower temperatures the
progress towards an equilibrium value is accelerated
and at higher ones it is slowed down.

The results are compared to those obtained using a
system of 500,000 particles. While agreeably, this
system size is far larger that that needed for this
particular application, it is the order of magnitude
that is needed for studies of multicomponent
mixtures, asymmetric and/or multiphase fluids.
As expected, there is a noticeable improvement
with respect to the stability of the approach towards
the expected equilibrium values, e.g. the smaller
system size shows greater fluctuations. It is interest-
ing to note that in terms of the number of time steps

TABLE I Saturated vapor density, r*
v; liquid density, r*

l ; and pressure P* as a function of temperature T* for a pure LJ cut and shifted
ðr*

c ¼ 5Þ potential as obtained from TQMD and GEMC

TQMD GEMC

T* r*
v r*

l P* r*
v r*

l P*

0.7 0.0023(3) 0.832(1) 0.0016(2)
0.8 0.0071(4) 0.785(1) 0.0054(3) 0.0071(5) 0.79(1) 0.0054(4)
0.9 0.0173(5) 0.742(1) 0.0139(5) 0.016(2) 0.74(2) 0.013(1)
1 0.0332(5) 0.688(1) 0.0276(5) 0.034(2) 0.69(1) 0.028(2)
1.1 0.0655(2) 0.627(1) 0.0516(4) 0.063(6) 0.625(10) 0.051(5)
1.2 0.1206(8) 0.549(3) 0.086(1) 0.117(7) 0.54(1) 0.085(5)
1.275(4) 0.319(3) 0.319(3) 0.120(4)

Critical point (last line) is estimated using the TQMD data. 0.123(4) corresponds to 0:123 ^ 0:004:
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required to obtain a suitable density estimate, both
the systems behave similarly; after roughly 100,000
time steps the density analysis gives the same
resulting value. By increasing the system size we are
including a larger statistical population and improv-
ing the statistics. This confirms the fact that the
cluster size needed for the accurate determination of
equilibrium properties is small.

Another interesting comment corresponds to the
visual perception of the attainment of equilibrium.
It is seen from the snapshots shown in Fig. 1 (which
correspond to the small TQMD system referred to in
Figs. 4 and 5), that at 90,000 time steps, the system is
far from being considered at global equilibrium,
however, the densities of the corresponding phases
have already achieved their equilibrium values, as
shown in Figs. 4 and 5. Figure 6 shows the short-time

evolution of the density histograms for this system.
Further evolution of the system at times longer than
100,000 time steps does not improve significantly the
resolution of the histogram, pointing out that one
may indeed proceed with the equilibrium property
determination at this last point.

We have made a comparison with the more common
application of MD simulations, namely volume
expansion molecular dynamics (VEMD), in which a
slab of equilibrated and reasonably high density liquid
is put in contact with a slab of void space. The system is
left to evolve under usual canonical MD conditions.

FIGURE 6 Frequency of occurrence, f, as a function of the subcell
density r* for a system with 30,000 LJ particles after quenching to a
temperature, T* ¼ 1:1: Curves from top to bottom show the
system evolution after 0, 1000, 5 000, 12,000, 25,000, 50,000 and
100,000 times steps, respectively. All curves are displaced 30 units
in the vertical direction for clarity; dashed lines indicate the
respective baselines. Final equilibrium vapor and liquid densities
for this system correspond to 0.0655 and 0.627, respectively.

FIGURE 5 Liquid density r*
l for a pure LJ fluid as a function of

simulation time steps. Symbols and conditions are as in Fig. 4.

FIGURE 4 Vapor density r*
V for a pure LJ fluid at a temperature of

T* ¼ 1:1 as a function of the number of time steps. Solid symbols
correspond to the results using TQMD; circles are for a system of
30,000 particles, squares are for a system of 500,000 particles. Open
symbols correspond to the results using VEMD; triangles are for a
system of 30,000 particles, diamonds are for a system of 500,000
particles. The dashed–dotted line is the GEMC value, dashed lines
are the confidence intervals.
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The apparent advantage of this set up is the a priori
placement of a flat interface. To compare the
performance of this method to TQMD, we performed
VEMD simulations of two analogs of the systems
studied by TQMD, namely pure LJ systems of sizes
N ¼ 30; 000 and 500,000 particles at T* ¼ 1:1:
The small system was set up at an initial density
of r* ¼ 0:814 (box of dimensions 32 £ 32 £ 36 in
units of s) which was expanded to a global density
of r* ¼ 0:305 (box of dimensions 32 £ 32 £ 96 in
units of s). The larger system was set up at an initial
density of r* ¼ 0:808 (box of dimensions 75 £ 75 £ 110
in units of s) which was expanded to a global density
of r* ¼ 0:296 (box of dimensions 75 £ 75 £ 300 in units
of s). As a comparison, the results of the equivalent
TQMD simulations shown in Figs. 4 and 5 are started
as a liquid at a global density of r* ¼ 0:305 (30,000
particles in a box of dimensions 32 £ 32 £ 96 in units
of s) and r* ¼ 0:296 (500,000 particles in a box of
dimensions 75 £ 75 £ 300 in units ofs) which is cooled
down from an initial temperature of T* ¼ 3 to the final
temperature of T* ¼ 1:1:

In Figs. 4 and 5, the larger VEMD system shows
the “break-up” of the initial liquid slab into two
domains, each of which eventually stabilize into
equilibrium phases with corresponding interfaces to
vapor phases. This break-up, although in principle,
undesirable and not always occurring, is a natural
consequence of unavoidable fluctuations in the
original configuration, and the product of an
explosive “boiling” of the liquid slab into the
vacuum space imposed at the start of the simulation.
It has been reported in previous studies in this
method [8]. Figure 5 shows the time evolution of the
liquid density in the systems. After 100,000 time
steps, in the VEMD one can distinguish two liquid
slabs being formed, and an estimate of the density
may be obtained. Both domains are different in
nature and have different trends towards the
equilibrium result. In the VEMD simulations, the
starting points are fully established liquid domains,
and equilibrium must be established by liquid phase
diffusion. It is seen that even after 400,000 time steps,
the system is not fully equilibrated. As a comparison,
the results of equivalent TQMD simulation are
shown, where it is seen that the densities converge
more rapidly to the expected result.

While in general the larger system sizes appear to
have better statistics for a fixed number of MD time
steps, the larger system size TQMD calculations also
take up much more computer time than the
comparable smaller ones, since in the larger systems,
each individual time step involves over an order of
magnitude more numerical operations. Figures 7 and 8
show the actual CPU times for the TQMD systems
discussed above and compare the times with those for
the corresponding GEMC calculation. Clearly, the
GEMC calculations are faster in wallclock time, in spite

of the parallelization of the MD codes. We make the
point that the times presented correspond to a
particular hardware/software combination, but do
serve as a relative reference for performance.

Binary LLV LJ Mixture

We have studied a binary LJ system, where
both components differ in size and energy. The
parameters used throughout this work correspond to
12=11 ¼ 0:95; s2=s1 ¼ 0:8: For the unlike-pair inter-
actions we used binary interaction parameters large
enough to force the system into a type III behavior.
We used 1ij ¼ ð1 2 kijÞ

ffiffiffiffiffiffiffiffi
1i1j

p
with kij ¼ 0:3 and sij ¼

0:5ð1 2 lijÞðsi þ sjÞ with lij ¼ 0:05; where i and j refer
to the pure component values. All thermodynamic
properties are reduced with respect to component 1.
Simulations were performed at a temperature T* ¼ 1
and with a CS potential at a radius of rcut ¼ 5s1:

The particular system studied exhibits LLE, as
shown in Fig. 9. Results are calculated using 180,000

FIGURE 7 Vapor density r*
V as a function of computer time for a

pure LJ fluid at a temperature of T* ¼ 1:1: Crosses are GEMC
results for 4000 particles. Solid circles correspond to TQMD
simulations of a system of 30,000 particles, open squares
correspond to a system of 500,000 particles.

FIGURE 8 Liquid density r*
l as a function of computer time.

Symbols and conditions as are in Fig. 7.
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particles at a temperature of T* ¼ 1:0: By varying the
overall composition, different state points are
obtained. The data are given in Table II. At low
pressures, only VLE is present, however, as the
pressure increases, a triple VLLE point is evident
which delimits the LLE equilibria. The TQMD data
compares favorably to the two-phase results from
GEMC.

A TQMD simulation performed close to the triple
point is likely to exhibit a vapor phase and a dense
phase with evidence of two distinct liquid domains
(c.f. Fig. 10). In spite of the uniqueness of the triple
point, its appearance in a TQMD simulation is rather
simple, since the “window” of densities and global
compositions that satisfy the mass balance equations
is rather large. On the contrary, such an exploration
using GEMC requires elaborate coding. In the case of
LLE, the two-box GEMC method must be performed
with caution [18] since it may erroneously produce
results in cases in which an additional vapor phase

may be present. Examples are the simulations of Guo
et al. [19], which for a similar system seemed to
indicate a LLE with an upper critical solution
temperature, which were later proven [20] to be
actually VLLE and even VLE state points at the
stated temperatures.

In multicomponent TQMD, the particles are
initially well mixed within the whole system.
Composition equilibration is driven by Fickian
diffusion processes, where large concentration
gradients speed up equilibration. Upon quenching,
small clusters of either phase begin to form in a more
or less uniform way throughout the system. At this
stage, most molecules could be considered “inter-
facial”, since domains are not yet formed. This
guarantees a rather large interfacial area and a
minimal diffusion path. In the case of the TQMD,
compositions are equilibrated locally in fast way,
mainly due to the shorter diffusion paths. These
small clusters equilibrate rapidly and the system
later evolves until the domains fully aggregate. Here,
TQMD offers a significant advantage over VEMD
where multicomponent diffusion over bulk regions
must take place, a process lengthy for dense phases.

Eicosane Saturated Liquid Density

In order to illustrate another strength of the TQMD
approach, the phase diagram of pure eicosane
(n-C20) was calculated. The intermolecular potential
is a united atom (UA) representation, in which
methyl and methylene groups are clustered into
individual Lennard Jones spheres, connected by
rigid bonds with harmonic bond bending potentials.
The intra- and intermolecular potential and para-
meters are given in detail in Ref. [9] and used herein
with no further modification. We have used a cutoff
radius of 11 Å, and the parameters corresponding to
that cutoff.

A random configuration of 1944 molecules was
setup in a cubic cell of side 165.8 Å at a density of
0.2 g/cm3 with customary periodic boundary con-
ditions. The random configuration was initially

FIGURE 9 Pressure P* composition diagram for a binary LJ
mixture described in the text. Open circles are GEMC results and
squares are TQMD. Data are in Table II. Lines are a guide to the eye
and show the approximate phase boundaries.

TABLE II VLE, LLE and VLLE pressure (P*), density(r *), molar composition of component 1 (x,y) data for a binary LJ cut and shifted
ðr*

c ¼ 5Þ potential as obtained from TQMD at T* ¼ 1:0: 12=11 ¼ 0:95; 112=11 ¼ 0:682; s2=s1 ¼ 0:8; s12=s1 ¼ 0:855

Vapor Liquid 1 Liquid 2

P* r* Y r* x r* x

0.0276(5) 0.0332(5) 1 0.688(1) 1
0.047(1) 0.057(1) 0.631(4) 0.701(2) 0.942(1)
0.069(1) 0.089(1) 0.443(7) 0.723(2) 0.861(1)
0.096(1) 0.140(1) 0.323(3) 0.758(2) 0.687(2)
0.071(2) 0.090(2) 0 1.285(4) 0
0.095(2) 0.135(2) 0.251(2) 1.214(3) 0.053(1)
0.103(1) 0.157(1) 0.304(3) 0.787(3) 0.647(6) 1.210(6) 0.069(5)
0.28(1) 0.83(2) 0.669(5) 1.242(5) 0.077(5)
0.53(2) 0.869(6) 0.695(5) 1.302(4) 0.070(4)

0.123(4) corresponds to 0:123 ^ 0:004: All properties are reduced with respect to the energy and size parameters of component 1.
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heated up to 850 K for 200,000 time steps of 0.002 ps
and was used as the starting configuration for the
quenches. This configuration was quenched to the
desired temperature and after 50,000 time steps of
0.005 ps, we selected five configurations at intervals
of 10,000 time steps to analyze, i.e. the runs were
stopped at 100,000 time steps.

In this particular case, as is also the case in
oligomers and polymers, due to the elongation and
repetition of the units in the molecule, the effective
local density is dictated by the UA units (i.e. methyl
and methylene groups which account to a total of
38,880 units) rather than by the actual placement of
the center of mass or the center of the molecule. Each
configuration was divided into cubic subcells of 12 Å
of side for histogramming purposes. A histogram of
the UA units was made and with it, the local liquid
density was evaluated. Figure 11 shows an example
of the analysis, where in spite of the “noise” in the
histogram, three peaks are shown clearly, corres-
ponding to the vapor, interface and liquid densities.
To account for the accuracy of the procedure
mentioned above, the quench at 450 K was run for
300,000 time steps until a stable flat interface was
formed. An analysis of the bulk phases rendered,
within experimental error, the same results obtained
with TQMD. Vapor phase histogramming is subject
to the problem of detecting the UA groups that form

part of the interfacial regions, since due to the length
of the molecule, some part of a given molecule at an
interface may “point out” into the void regions,
counting as groups in the vapor phase. The expected

FIGURE 10 Close-up snapshot of a three-phase system, corresponding to the triple point for the binary system described in the text.
Upper circle highlights a section of a vapor cluster, middle and lower circles highlight sections of two distinct liquid bulk phases, labeled
liquid 1 and liquid 2, respectively in Table II.

FIGURE 11 Frequency of occurrence, f, as a function of the
subcell united atom (UA) group density for a system composed of
1944 eicosane (C20H42) molecules (38,880 UA groups) at 310 K.
Diamonds are for the configuration at 250 ps (50,000 time steps)
after the quench, squares are after 350 ps (70,000 time steps) and
triangles are after 450 ps (90,000 time steps). Solid line is the
average.
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low densities here suggest the need of larger system
sizes or the evolution of the system towards a planar
interface for further analysis if gas phase properties
are to be accurately detected. For the highest
temperatures probed, i.e. as the critical temperature
is approached, the width of the interfacial region
tends to dominate the histogram corresponding to
liquid and vapor peaks, becomes more difficult to
deconvolute. Here again, the evolution towards a
planar interface and latter analysis via a smooth
function (e.g. Ref. [9]) is a better approach than
TQMD histogramming.

In Fig. 12 we plot the liquid density results along
with those available from published data sources
[21]. The liquid density seems consistently under-
estimated by the Supple and Quirke potential. It is
noted that the potential was actually fit to decane
and smaller alkane phase equilibria, and the use
made of it here is an extrapolation. It is well known
that subtle changes in the potentials may induce
significant errors in the prediction of thermophysical
properties. A better fit can presumably be achieved
by a proper rescaling of the parameters.

CONCLUSIONS

We present a detailed analysis of the equilibration
process in the TQMD method. The extremely fast
quenches accessible to simulation provide a large
driving force for phase separation and it is shown
how, contrary to what is commonly thought, local
equilibration of densities and compositions occurs
quickly, and that these densities and compositions
are representative of the bulk equilibrium values.
If one performs the analysis of a configuration at this

intermediate point, simulation times are greatly
reduced, since one need not wait until the full
development of a planar interface.

The results obtained by this method are shown
to be of the same precision as those obtained by
GEMC or VEMD. Although actual wallclock
simulation times for TQMD are longer than
comparable GEMC runs, TQMD can be applied in
a straightforward way to more types of phase
equilibrium and more complex molecular species
and is especially suited for dense fluid phase
equilibria, for complex molecules and for multi-
component or polydisperse systems. Furthermore,
the use of MD for these calculations enables the
possibility of using parallel computers. The trends
of increasing availability, lower cost and simplicity
of use of parallel computer setups further enhances
the potential of the method.
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APPENDIX A: SIMULATION DETAILS

Calculations for the Lennard–Jones fluids, including
the VEMD and GEMC comparisons were performed
using the lj2 v16 program suite.‡ For these MD
simulations, the integration is accomplished with a
5th-order Gear predictor–corrector algorithm and
temperature is controlled with the Nosé-Hoover
thermostat. Time steps are fixed at Dt* ¼

Dt=s1

ffiffiffiffiffiffiffiffiffiffiffi
m=11

p
¼ 0:004; where m is an arbitrary mass

of a molecule. Parallel MD simulations are set up on
clustered workstations using a spatial-decomposition

FIGURE 12 Saturated liquid density of eicosane (C20H42) as a function of temperature. Solid line is the published smoothed data [21],
symbols are TQMD. Error bars are smaller than the symbol size.

‡http://www.chemistry.wustl.edu/, gelb/lj2/
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approach, in which a fraction of the system volume is
assigned to each processor using a three-dimensional
decomposition scheme [22,23]. In the case of TQMD,
domain-decomposition algorithms will present by
nature a load unbalance, particularly in the case of
the presence of a vapor phase. Atomic decompo-
sition or replicated data parallelization schemes, in
which a given fraction of molecules (or segments) are
assigned to each processor, might be a better choice
for TQMD, but imposes higher overhead in
communication costs [22].

Calculations for eicosane were performed using
the DL_POLY program,{ with a replicated data
parallelization algorithm.

All calculations were performed on the CAR
laboratory§ at USB. The calculations here have all
been performed on a cluster of dual-processor PCs
connected via a Myrinet switch. Most calculations
were made using twelve “worker” processors and
one “master” processor for input/output. Simu-
lation boxes for LJ fluids were elongated threefold
in one dimension (z) in order to force the formation
of interfaces normal to that direction at long
simulation times. This is not necessary in the
TQMD scheme, and is used only for visualization
purposes.
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